The problem considered is to give necessary and sufficient conditions for perturbations of a second-order ordinary differential operator to be either relatively bounded or relatively compact. Such conditions are found for three classes of operators. The conditions are expressed in terms of integral averages of the coefficients of the perturbing operator.
INTRODUCTION
We consider the second-order differential operator in the setting of the Hilbert space L 2 (a, x). We prove three theorems which give necessary and sufficient integral average conditions on bj for relative boundedness or relative compactness of Bj with respect to L (with appropriate domain restrictions). We employ the following terminology (cf. Kato [9, pp. 190, 194] or Goldberg [7, p. 121] [2] . This theorem covers the case in which the coefficients of L are eventually bounded above by the corresponding coefficients of an Euler operator, i.e., 0 < p(t) < Ct2, Ipt(t)l < Kt, and Iq(t)l < M for some positive constants C, K, and M, and all sufficiently large.
Before proving the other two second-order results, we give, in Theorem 2.2, conditions under which perturbation conditions for maximal operators are equivalent to those for minimal operators. The theorem is stated for operators of any order, and the key hypothesis is that the higher-order operator is limit-point at cxz. This result simplifies the proofs of the next two theorems since it suffices to consider only minimal operators.
The differential expression (3.6) for some e (0, 1/(A1 -k-A2)).
The following theorem is a special case of Theorem 2.1 in Brown and Hinton [4] . It gives sufficient conditions for weighted interpolation inequalities.
THEOREM A Let I [a, o) and 0 < j < 1. Let N, W, and P be positive measurable functions such that N Lloc(I) and W-1, p-1 Lloc(I). 
q3/2
Let 0 < e < eo, where e 1 2/(A1 + A2). Then by Lemma 3.1, we have for fixed 6 1 and < r < + e f (t), (3.9) gives (1 2A21 e) f pely"le < 2C A21 fa qelYle -t-2 f I(py')'l e for all y D(Lo). Choose e > 0 such that e < 1/2A. Then 6 , and f vrp--. By (3.11 ) and (3.12), we have for 0 < e < 3, using f f(t), (llhj rll-t-IILhj rll) (3.22) f(r)j+/Zq(r) for r > a and a different constant C. Estimates for the terms in the graph norm of hj,r are given in the following lemma. (3.24) II(ph,r)'[ < C3 f (r)J+/2q(r), (3.25) and IILhj,rll <_ C4f (r)J+l/2q(r). hjt,r(t) 8J-ef(r)J hj (u) . By (3.10) (3.16) . As in the proofs of (3.14) and (3. 
